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THE BOSTON COLLOQUIUM.
for which the real part of z is positive. All the conditions of the lemma of Stieltjes are now fulfilled, and the region of convergence may be extended over the entire plane with the exception of the negative half-axis.
On account of the uniform character of the convergence the limit of either sequence is holomorphic at every point exterior to the negative half-axis. When 2a^ is divergent, the two limits coincide and the continued fraction itself is convergent. On the other hand, if 2a^ is convergent, the two limits are distinct. Stieltjes shows also that in the latter case the numerators and the denominators of either sequence converge to holomorphic functions P(Z)> <l(z} °f &enre 0> and the two pairs of functions are connected by the equation
q(z)Pl(z) - g^M*) = 1,
which corresponds to the familiar relation
A more direct method [31] of demonstrating the convergence results of Stieltjes is by an extension * of the criterion previously cited for the convergence of continued fractions in which ttu partial fractions l/(an-f i/3^) have an an of constant sign and j j8n of alternating sign. The introduction of the lemma of Stieltja is consequently unnecessary, but I wish nevertheless to emphasis its fundamental importance. Other notable results which it wil be impossible to reproduce here are also contained in his splendi<
memoir.
* If namely, 51 an -f- ifin \ is divergent and the condition concerning the sign either of the an or of the j3n is fulfilled, the continued fraction will converge prc vided \an\/\j3n\ has a lower or an upper limit respectively. Pat now z = w2 i (8') so that it becomes
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When ^afn is divergent, this falls under the extended criterion if we pi o/w = an -f ij3n, except when z is negative. On the other hand, when ^an is coi vergent, the criterion applies without extension directly to (8r). In either cai the uniform character of the convergence follows with the addition of a few line
